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Abstract: We consider a covariant formulation of field theories with Lifshitz scaling, and
analyze the energy-momentum tensor and the scale symmetry Ward identity. We derive the
equation of state and the ideal Lifshitz hydrodynamics in agreement with arXiv:1304.7481,
where they were determined by using thermodynamics and symmetry properties. We
construct the charged ideal Lifshitz hydrodynamics in the generating functional framework
as well as in the gravitational holographic dual description. At the first viscous order, an
analysis of the entropy current reveals two additional transport coefficients (one dissipative
and one dissipationless) compared to the neutral case, contributing to the charge current
and to the asymmetric part of the energy-momentum tensor.
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1. Introduction
A phase transition at zero temperature may occur as the ground state of a many-body
system is changed by tuning an external parameter. The boundary between the two phases
is a quantum critical point [1–3], characterized by a ‘Lifshitz’ scaling symmetry
t→ λzt, xi → λxi, (1.1)
where t is time and xi, i = 1, . . . , d are space coordinates. The number z is the dynamic
critical exponent. For an ordinary relativistic conformal field theory z = 1, but in general
systems its value can be arbitrary. Quantum critical points are believed to underlie the
exotic properties of heavy fermion compounds and other materials including high Tc su-
perconductors. These materials have a metallic phase (dubbed as ‘strange metal’) whose
properties cannot be explained within the ordinary Landau-Fermi liquid theory.
Simple examples where z 6= 1 are multicritical Lifshitz points [4]. In its simplest
incarnation, the Lifshitz point is characterized by a free energy density for a scalar order
parameter φ that takes the form
F (φ) = a2φ
2 + a4φ
4 + · · ·+ c1(∂iφ)2 + c2(∂2i φ)2 + · · · . (1.2)
This is of the same form as the Ginzburg-Landau theory. For the Lifshitz point the co-
efficient c1 → 0, so it is necessary to consider higher derivative terms. A simple model
exhibiting the scaling properties of a Lifshitz point is that of a free scalar with an action
S =
∫
dt ddx
[
1
2
(∂tφ)
2 − κ
2z
((∂2i )
z/2φ)2
]
. (1.3)
This action is invariant under the scaling transformation
φ→ λ(z−d)/2φ , (1.4)
along with (1.1). This model, first considered in [5] for z = 2, can be extended to include
interactions respecting the scale symmetry [6, 7]. Strongly coupled theories with Lifshitz
scaling can be described by gravity duals using a generalization of the gauge/gravity cor-
respondence, also known as holographic duality [8]. In the gravity dual the Lifshitz scaling
is realized as an isometry of the metric, see also [9, 10]. Of special interest is that Lifshitz
scaling emerges at large distances in finite density systems with a holographic description
that have been proposed as models of strange metals [11,12].
Quantum critical points, however, are not accessible directly by experiments. Instead,
their existence can be inferred from the properties of the system at finite temperature. For
instance, for strange metals some quantities exhibit universal power-like behaviour such
as the resistivity, which is linear in the temperature ρ∼T [13–15]. It is well known that
systems with ordinary critical points behave hydrodynamically with transport coefficients,
whose temperature dependence is determined by the scaling at the critical point [16].
Quantum critical systems also have hydrodynamic descriptions, as has been shown more
recently for conformal field theories at finite temperature [17], fermions at unitarity [18]
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and graphene [19–21]. A similar hydrodynamic description has been suggested for strange
metals based on the large scattering rate measured in experiments [15, 22, 23], and we
proposed recently a concrete realization [24].
We derived most properties of Lifshitz hydrodynamics using symmetry considerations,
in particular we derived the equation of state from the ‘trace’ Ward identity of the energy-
momentum tensor associated to the scaling symmetry [24]
zT µνuµu
ν − T µνP νµ = 0, (1.5)
where uµ is the velocity of the fluid uµu
µ = ηµνu
µuν=−1 and Pµν=ηµν+uµuν , µ, ν = (t, i).
In this paper we re-derive and extend some of our previous results from various perspectives.
In addition to the dissipative transport coefficient α that we found in the neutral fluid [24],
we find two new transport coefficients α′ and C for charged Lifshitz hydrodynamics at the
first derivative order.1 They appear in the antisymmetric part of the energy-momentum
tensor as
T [µν] = π
[µν]
A = −αu[µaν] − T (α′ + C)u[µP ν]σ∂σ
(µ
T
)
, (1.6)
where aµ = uα∂αu
µ is the acceleration and T , µ are the temperature and chemical potential.
The new transport coefficients also appears in the U(1) current in a different combination
jµ ⊃ −(α′ − C)aµ. The coefficient C is dissipationless and does not satisfy the Onsager
relation.
We will start in section §2 by giving a covariant formulation of a free Lifshitz theory
and construct an improved energy-momentum tensor that satisfies the trace Ward identity.
It is not completely obvious that the identity should be satisfied, since Lifshitz theories
have scale but not conformal invariance, so in principle there could be a virial current.
We will see that this is actually the case for the free scalar, but nevertheless the energy-
momentum tensor can be improved and eliminate the virial term, which is only possible
because Lorentz symmetry is explicitly broken.
In §3 we will derive the path integral form of the thermal partition function and com-
pute the temperature dependence of one- and two-point functions of the energy-momentum
tensor at zero frequency and spatial momentum. We will use these results to write down
the ideal hydrodynamic energy-momentum tensor at arbitrary velocities.
In the last sections we study a generalization of Lifshitz hydrodynamics by adding a
conserved current. In §4 we follow [25,26] to derive the ideal energy-momentum tensor from
a generating functional. We find a generalization of Weyl transformations of the metric that
reproduces the Ward identity. In §5 we use the fluid/gravity correspondence [27] to derive
the equations of Lifshitz hydrodynamics at the ideal level. In §6 we go beyond the ideal level
and consider new possible terms allowed by the breaking of Lorentz symmetry. At first order
there is a dissipative term that we already discussed in [24] and for charged hydrodynamics
an additional dissipationless term producing a current along the acceleration of the fluid
is also possible. We show how to compute the new transport coefficients from the energy-
momentum tensor and current correlators using Kubo formulas. We end with a discussion
of our results and appendices containing some technical details.
1We would like to thank Shira Chapman for pointing out the possibility of having a non-vanishing α′ in
the Lifshitz fluid.
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2. Covariant formulation of Lifshitz theories
Although we are interested in general interacting theories with Lifshitz scaling, we find
useful to show explicitly some of their properties in a concrete model. For simplicity we
will restrict to local theories, z = 2n, n ∈ Z, and in particular to the simplest case z = 2.
A local action for a free scalar can also be written for rational values of the dynamical
exponent z = 2n/m, n,m ∈ Z,
S =
∫
dt ddx
[
im
2
φ(∂mt φ)−
mκ
4n
((∂2i )
nφ)2
]
. (2.1)
For some values of m and n, the symmetry is enhanced. For instance, there is a Schro¨dinger
symmetry for m = n = 1 [28] and a relativistic conformal symmetry for m = 2, n = 1.
The main points that we want to highlight using the free field theory example are:
• For local Lifshitz theories there is a covariant formulation even though Lorentz in-
variance is explicitly broken. The Lagrangian is well-defined as a scalar density from
which one can derive the energy-momentum tensor. The breaking of Lorentz sym-
metry is manifested in the asymmetric properties of the energy-momentum tensor
T i0 6= T 0i. (2.2)
The Lorentz Ward identity for the energy-momentum tensor
〈
T ij
〉− 〈T ji〉 = 0 only
holds when the two indices are spatial (assuming rotational invariance).
• Lifshitz theories in flat space (given z and d) can be defined for arbitrary time-like
Killing vectors. These theories are essentially identical since it is possible to do
frame transformations to map different Lifshitz theories on each other. This will be
important for hydrodynamics because it justifies our formulation where the equation
of state is independent of the frame. We will show it explicitly for the z = 2 theory
in section 3.
As an analogy, consider a theory of complex scalars φa, a = 1, 2 with a U(2) flavor
symmetry. If we add a term to the Lagrangian of the form
∆L ∝ 1
2
(σ3)ab(φ
a)†φb, (2.3)
the symmetry is explicitly broken to U(1)× U(1). The change of variables
φa → Uabφb, U ∈ SU(2), (2.4)
maps the term that breaks the SU(2) symmetry into
∆L′ ∝ 1
2
(U †σ3U)ab(φ
a)†φb. (2.5)
Although the couplings in the action look different, the theory with the term ∆L and
the theory with ∆L′ are equivalent. They are related by a change of variables (all
observables are related by a simple U(2) rotation).
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The analogous statement is true for Lifshitz theories, with the subtlety that the
theory should be quantized along the direction determined by the time-like Killing
vector. Lifshitz theories with different Killing vectors quantized along the same time
direction are inequivalent. Typically this breaks the scaling symmetry as well, so we
will not consider it here.
In order to define the z = 2 Lifshitz theory covariantly in curved spacetime, we will
introduce the vierbein fields e aµ . The action is
S =
∫
dd+1x e
[
1
2
(∇‖φ)2 −
κ
4
(∇2⊥φ)2
]
+ · · · , (2.6)
where the dots correspond to couplings of the scalar to the curvature, and
∇‖φ = tµ∇µφ = tae µa ∇µφ, (2.7)
∇2⊥φ = Pµνt ∇µ∇νφ = P abt e µa e νb ∇µ∇νφ. (2.8)
Here ta = (1, 0), P abt = η
ab + tatb and ηabt
atb = −1. The flat spacetime action is recovered
by substituting e aµ = δ
a
µ .
From the action we can extract the Lagrangian density
L = 1
2
(∇‖φ)2 −
κ
4
(∇2⊥φ)2. (2.9)
The Lagrangian density is explicitly invariant under the coordinate transformations:
∇µφ→ Λνµ∇νφ, e aµ → e aν
(
Λ−1
)ν
µ
. (2.10)
In flat space we can do a coordinate transformation combined with a frame transformation
that leaves the vierbein (and hence the metric) invariant
e aµ → Λabe bν
(
Λ−1
)ν
µ
= e aµ = δ
a
µ. (2.11)
Note that, contrary to a relativistic theory, the Lagrangian density is in general not invari-
ant under this transformation
L = (ΛT )ac tctd(Λ)bdeµaeνb∇µφ∇νφ
+ (ΛT )aa′(Λ
T )cc′P
a′b′
t P
c′d′
t (Λ)
b
b′(Λ)
d
d′e
µ
ae
ν
b e
λ
c e
ρ
d∇µ∇νφ∇λ∇ρφ. (2.12)
If we do the combined coordinate plus frame transformation that leaves the background
vierbeins invariant, a frame transformation rotates the unit time vector ta into
ua = (ΛT )ac t
c. (2.13)
Therefore, Lifshitz theories defined with different vectors ua are equivalent.
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2.1 Canonical energy-momentum tensor
Having determined the action in curved spacetime, we can extract the energy-momentum
tensor from the variation of the action with respect to the vierbein
Tαc = −
1
e
δS
δe cα
. (2.14)
In contrast with the usual definition using the variation with respect to the metric, in
principle the energy-momentum tensor is not necessarily symmetric in its two indices. The
Lifshitz scaling symmetry should translate into a ‘trace’ Ward identity for the energy-
momentum tensor, similar to the condition T µµ = 0 in a conformal field theory.
In many cases the trace identity is not satisfied by the energy-momentum tensor derived
from the na¨ıve extension of the action to curved space. It is necessary to add improvement
terms that do not affect to the conservation equations. We will find, in the free scalar
example, that a term proportional to the divergence of a virial current V µ remains, while
most of the contributions can be improved by adding couplings of the scalar field to the
curvature. For a general Lifshitz theory, we thus expect
ztαt
aTαa − P at αTαa = ∂αV α = ∂‖V ‖ + Pαβt ∂αVβ. (2.15)
Where V ‖ = −tαVα.
The virial current cannot be improved unless it is of the form Vµ = ∂µX in a relativistic
theory (c.f. [29]). This is not the case in the example we study. However, because Lifshitz
is not Lorentz invariant, there is still room to add further improvement terms that fix the
trace Ward identity. Both terms in (2.15) depend on the virial current and can be removed
by adding the improvement terms
T˜αc = T
α
c −
1
d
(
tα∂cV
‖ − δαc ∂‖V ‖
)
− 1
z − 1 + d
(
Pαβt ∂cVβ − δαc P σρt ∂σVρ
)
. (2.16)
Note that these terms give asymmetric contributions to the energy-momentum tensor (even
if z = 1). Thus we cannot improve the energy-momentum tensor and preserve Lorentz
invariance in general. We will later use the Ward identity to constrain the form of the
energy-momentum tensor in ideal hydrodynamics.
In the following we will derive the energy-momentum tensor for the z = 2 Lifshitz
theory with an arbitrary time-like vector. We will show that it is possible to improve the
energy-momentum tensor to satisfy a trace Ward identity, which depends on the time-like
vector. There is a non-zero virial current. It is possible to improve the virial current
without affecting the Ward identity.
The canonical energy-momentum tensor in flat space is given by
Tαcan c = ∂‖φt
α∂cφ− κPασt ∂c∂σφ∂2⊥φ− δαc L
+
κ
2
(
P βt c ∂β(∂
αφ∂2⊥φ)− P αt c ∂β(∂βφ∂2⊥φ) + Pαβt ∂β(∂cφ∂2⊥φ)
)
. (2.17)
We use the formulas in Appendix A to compute the variation of the action and set e aµ = δ
a
µ
at the end of the calculation to get the result. One can show explicitly that it is conserved
∂αT
α
can c = ∂cφ
[
∂2‖φ+
κ
2
(∂2⊥)
2φ
]
= 0. (2.18)
To find the trace, we compute the projection on t and the transverse directions of the
energy-momentum tensor
Tαcan ct
ctα = −1
2
(∂‖φ)
2 − κ
4
(∂2⊥φ)
2, (2.19)
Tαcan cP
c
t α = −
d
2
(∂‖φ)
2 + κ
d
4
(∂2⊥φ)
2 + κ
[
Pαβt ∂αφ∂β∂
2
⊥φ−
d
2
∂β(∂
βφ∂2⊥φ)
]
. (2.20)
One can use that ∂2 = ∂2⊥−∂2‖ and ∂αX∂αY = Pαβt ∂αX∂βY −∂‖X∂‖Y to rewrite the last
expression as
Tαcan cP
c
t α = −
d
2
(∂‖φ)
2 − κd
4
(∂2⊥φ)
2 − κ
(
d
2
− 1
)
Pαβt ∂αφ∂β∂
2
⊥φ
+ κ
d
2
(∂2‖φ∂
2
⊥φ+ ∂‖φ∂‖∂
2
⊥φ). (2.21)
The Lifshitz trace Ward identity is
Tr = 2Tαct
ctα − TαcP ct α = 0. (2.22)
For the canonical tensor, we have
Trcan =
(
d
2
− 1
)[
(∂‖φ)
2 +
κ
2
(∂2⊥φ)
2 + κPαβt ∂αφ∂β∂
2
⊥φ
]
− κd
2
(∂2‖φ∂
2
⊥φ+ ∂‖φ∂‖∂
2
⊥φ).
(2.23)
In the following we add improvement terms to check whether we can make the trace to
vanish.
2.2 Improvement terms and trace Ward identity
We can add the following terms to the action
SR = −
∫
dd+1xe [c1Rµνt
µtνX + c2RµνP
µν
t Y ] . (2.24)
The variation of the action around flat space gives
TαR c = c1(δ
α
c ∂
2
‖ − tc∂α∂‖ + tctα∂2 − tα∂c∂‖)X
+ c2(δ
α
c ∂
2
⊥ − P βt c ∂α∂β + P αt c ∂2 − Pαβt ∂c∂β)Y. (2.25)
This contribution does not affect to the conservation of the energy-momentum tensor
∂αT
α
R c = 0. For the contributions to the trace, we compute the projections of T
α
R c
TαR ctαt
c = c1∂
2
⊥X − c2∂2⊥Y, (2.26)
TαR cP
c
t α = dc1∂
2
‖X + c2(2(d − 1)∂2⊥ − d∂2‖)Y. (2.27)
Then, the total contribution to the trace is
TrR = c1(2∂
2
⊥ − d∂2‖)X + c2(d∂2‖ − 2d∂2⊥)Y. (2.28)
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If instead we use the combinations defined in (A.16) R‖ = − 1d−1
(
Rµνt
µtν + 1dRµνP
µν
t
)
,
R⊥ = − 12(d−1) (Rµνtµtν +RµνPµνt ) in the following action
SR = −
∫
dd+1xe
[
c‖R‖X + c⊥R⊥Y
]
, (2.29)
then we can read off the trace from (2.28). We get TrR = c‖∂
2
‖X + c⊥∂
2
⊥Y. Then, with the
choice
c‖ =
c⊥
κ
= −1
2
(
d
2
− 1
)
, X = φ2, Y = φ∂2⊥φ , (2.30)
the trace becomes
Trcan +TrR = −
(
d
2
− 1
)
φ
[
∂2‖φ+
κ
2
(∂2⊥)
2φ
]
− κd
2
(∂2‖φ∂
2
⊥φ+ ∂‖φ∂‖∂
2
⊥φ)
= −κd
2
(∂2‖φ∂
2
⊥φ+ ∂‖φ∂‖∂
2
⊥φ) = −κ
d
2
∂‖(∂‖φ∂
2
⊥φ), (2.31)
where we have used the equations of motion, and
1
2
∂2‖φ
2 = (∂‖φ)
2 + φ∂2‖φ, (2.32)
∂2⊥(φ∂
2
⊥φ) = (∂
2
⊥φ)
2 + 2Pµνt ∂µφ∂ν(∂
2
⊥)
2φ+ φ(∂2⊥)
2φ. (2.33)
In principle we would like to find a coupling to the curvature that can cancel out
the leftover part. However, it is not strictly necessary. For the energy-momentum tensor
Tαc = T
α
can c + T
α
R c, we can define a conserved dilatation current
Dα = 2Tαct
ctµx
µ − TαcP ct µxµ − tαV, (2.34)
where tαV is analogous to the virial current
V = −κd
2
∂‖φ∂
2
⊥φ. (2.35)
Then, one can show
∂αD
α = 2Tαct
ctα − TαcP ct α − ∂‖V = 0. (2.36)
From now, we take d = 2. Then TαR c = 0, which can be checked easily from (2.30).
We define the conserved energy current as
Eα = −Tαctc, (2.37)
where Tαc = T
α
can c or T
α
c = T
α
can c + T
α
R c for d = 2. Concretely, we take
Eα = −tα
[
1
2
(∂‖φ)
2 +
κ
4
(∂2⊥φ)
2
]
+
κ
2
Pαβt
[
∂‖∂βφ∂
2
⊥φ− ∂‖φ∂β∂2⊥φ
]
. (2.38)
The projections, longitudinal and transverse to t, are
tαEα = 1
2
(∂‖φ)
2 +
κ
4
(∂2⊥φ)
2, (2.39)
Pαt βEβ =
κ
2
Pαβt
[
∂‖∂βφ∂
2
⊥φ− ∂‖φ∂β∂2⊥φ
]
. (2.40)
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The conserved momentum current is defined in a similar way
Pαc = −TαbP bt c. (2.41)
We have
Pαc = −tαP bt c
[
∂‖φ∂bφ+
1
2
∂bV
]
− κ
2
Pαβt P
b
t c
[
∂βφ∂b∂
2
⊥φ+ ∂bφ∂β∂
2
⊥φ
]
+ Pαt c
[
1
2
(∂‖φ)
2 +
κ
4
(∂2⊥φ)
2 +
κ
2
P abt ∂aφ∂b∂
2
⊥φ+
1
2
∂‖V
]
. (2.42)
Similarly, the projections are
tαPαc = P bt c
[
∂‖φ∂bφ+
1
2
∂bV
]
, (2.43)
Pαt βPβc = −
κ
2
Pαβt P
b
t c
[
∂βφ∂b∂
2
⊥φ+ ∂bφ∂β∂
2
⊥φ
]
+ Pαt c
[
1
2
(∂‖φ)
2 +
κ
4
(∂2⊥φ)
2 +
κ
2
P abt ∂aφ∂b∂
2
⊥φ+
1
2
∂‖V
]
. (2.44)
Note that all the terms in each expression have the same scaling except for the ones
depending on the virial terms.
We can get rid of the virial terms by redefining the momentum current to
P˜αc = Pαc −
1
2
(
tαP bt c∂bV − Pαt c∂‖V
)
. (2.45)
One can check the new momentum current is still conserved ∂αP˜αc = 0. Note that, with
this definition, all the components of the momentum current have the same scaling, and
the Ward identity is satisfied
2tαEα − P ct αP˜αc = 0. (2.46)
In fact we can see the new term in the definition of the momentum as an improvement of
the energy-momentum tensor
T˜αc = T
α
c −
1
2
(
tα∂cV − δαc ∂‖V
)
. (2.47)
Note that V is not a total derivative, thus the improvement terms cannot come from
curvature terms added to the action. One can check that the improvement terms do not
contribute to the energy current. With the improved tensor, the dilatation current will
take the usual form D˜α = 2T˜αct
ctµx
µ − T˜αcP ct µxµ up to a total derivative. The general
form of the improvement term is given in (2.16). Assuming that V a is independent of the
vierbeins, it can be derived from an added term to the action of the form
Simprov =
1
d
∫
ddx |e|e µa
(
tatb − d
z − 1 + dP
a
t b
)
∂µV
b. (2.48)
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3. Free Lifshitz theories at finite temperature
At finite temperature the energy-momentum tensor acquires a non-zero expectation value,
and two-point functions receive temperature-dependent contributions at zero momentum.
We will use the z = 2 free scalar example to compute them explicitly and then generalize
the formulas for other values of z. First we will find the scaling properties of one- and two-
point functions in terms of the temperature. Then we check the trace Ward identity for a
Lifshitz theory defined with an arbitrary time-like vector.
As we will see, the energy-momentum tensor takes the same form as the ideal energy-
momentum tensor in hydrodynamics. Furthermore, the Ward identity fixes the equation
of state in an arbitrary frame
ztµt
αT µα − Pµt αT µα = −zε0 + dp0 = 0, (3.1)
where the energy density and pressure are defined from the one-point functions when
tα = (1,0)
〈T00〉 = ε0, 〈Tij〉 = p0δij . (3.2)
After the analysis in flat spacetime we will use the generating functional approach
of [25, 26] to find equilibrium configurations in a curved spacetime. We find that the
spatial components of the velocities depend, to linear order, on the mixed components of
the vierbein
ui ≃ C1e i0 + C2e 0j δij , (3.3)
where the coefficients C1 and C2 depend on the two-point functions of the T
0
i and T
i
0
components of the energy-momentum tensor.
In a theory with Lifshitz scaling the energy-momentum correlators depend on a power
of the temperature, but in contrast to relativistic theories, the power is different for different
correlators. One could use this result to distinguish between Lifshitz theories and (non-
conformal) relativistic theories with the same equation of state. Another outcome of our
analysis is that no additional terms are necessary in curved spacetime at the ideal level.
This provides a microscopic justification of our proposal for Lifshitz hydrodynamics that
we present in the next sections. In particular, no new dissipative terms are present in
ideal hydrodynamics, even though probes may experience a drag force independent of the
temperature as in [30].
3.1 General temperature dependence of one- and two- point functions
We can use scaling arguments to determine the temperature dependence of the energy-
momentum correlators. We have computed, in Appendix B, the one- and two- point
functions of a free scalar theory at finite temperature. The one-point functions of the
energy-momentum tensor for tα = (1,~0) can be computed using (2.45) and (2.39), (2.43),
(2.40) and (2.44).
The scaling dimension of the temperature is the same as the scaling of time derivatives
∂‖ ∼ ∂2⊥ ∼ T . Therefore, the scaling with the temperature of the components of the
– 10 –
energy-momentum tensor is
〈
T 00
〉 ∼ 〈T ij〉 ∼ T 2, 〈T 0i〉 ∼ T 32 , 〈T i0〉 ∼ T 52 . (3.4)
We have checked that the Ward identity is satisfied
〈
T ij
〉
= δij
〈
T 00
〉
. (3.5)
For general dimensions and values of the dynamical exponent
〈
T ij
〉
=
z
d
δij
〈
T 00
〉 ∼ T d+zz , 〈T 0i〉 ∼ T d+1z , 〈T i0〉 ∼ T d−1+2zz . (3.6)
The expectation values of
〈
T i0
〉
and
〈
T 0i
〉
are zero in flat spacetime.
Two-point functions We are interested in computing the zero frequency and momen-
tum correlators
Cµν,αβ = lim
ω→0
lim
k→0
〈TµνTαβ〉 (ω, k). (3.7)
We are interested, in particular, in the T0i and Ti0 values for d = 2 spatial dimensions. The
scaling with the temperature is
C0i,0j ∼ T, C0i,j0 = Ci0,0j ∼ T 2, Ci0,j0 ∼ T 3. (3.8)
The generalization for arbitrary z and d is
C0i,0j ∼ T
d+2−z
z , C0i,j0 = Ci0,0j ∼ T
d+z
z , Ci0,j0 ∼ T
d+3z−2
z . (3.9)
We can compare these results with the scaling obtained in [31] in the zero temperature
theory using general field theory arguments. To do so, we convert our results to those of
the coordinate space, using
〈O(x)O(0)〉 ∼ x−2∆ ⇔ 〈O(k)O(−k)〉k→0 ∼ T
2∆−d−z
z . (3.10)
Then we get
〈T0iT0j〉 (t, x) ∼ x−2−2d , 〈T0iTj0〉 (t, x) ∼ x−2d−2z , (3.11)
〈Ti0Tj0〉 (t, x) ∼ x2−2d−4z . (3.12)
In [31], the correlation functions for the modified stress tensor Jµν = Tµν + A
B
µ Jν , with
massive gauge field ABµ and associated current Jν , are evaluated for d = 1 and z = 1 + ǫ
2,
ǫ≪ 1
〈Jtx(t, x)Jtx(0)〉 ∼ x−4z , 〈Jxt(t, x)Jtx(0)〉 ∼ x−2−2z , (3.13)
〈Jxt(t, x)Jxt(0)〉 ∼ x−4 . (3.14)
These two results are consistent if we identify T0i ∼ Jxt and Ti0 ∼ Jtx. Our notation and
the corresponding scaling are consistent with the conservation equation ∂µT
µν = 0
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3.2 Partition function and energy-momentum tensor in a general frame
The finite temperature partition function for a field theory is defined as
ZQFT [β] = Tr
(
e−βH
)
, (3.15)
where H = T 00 is the Hamiltonian. For a Lifshitz theory this definition is not frame-
independent, but we can define a frame-independent partition function which coincides
with the usual definition when ta = (1,~0):
ZLif [β] = Tr
(
e−β
∫
ddx⊥ tαE
α
)
. (3.16)
Where ∫
ddx⊥ =
∫
dd+1x δ(tαx
α). (3.17)
Note that tα is a time-like Killing vector of spacetime and that we can identify x‖ = tαx
α
with the direction where time evolution takes place. The conjugate momentum to φ is then
π = ∂‖φ.
We can follow the usual steps to rewrite the partition as an Euclidean path integral.
First we introduce the identity
1 =
∫
dφ|φ〉〈φ| (3.18)
N -times inside the trace, and use that
〈φi+1|πi〉 = exp
(
i
∫
ddx⊥ πiφi+1
)
. (3.19)
The partition function takes the form
ZLif [β] = lim
N→∞
N
∫ N∏
i=1
dπidφi exp
(
− β
N
N∑
i=0
∫
ddx⊥
[
tαEαi − iπi
(φi+1 − φi)
β/N
])
. (3.20)
It is understood that φ0 = φN , and N is a suitable normalization.
For the z = 2 free scalar case, we found
tαEα = 1
2
π2 +
κ
4
(∂2⊥φ)
2. (3.21)
The integrals over momenta are Gaussian, so we can make them explicitly. This leads to
ZLif [β] = lim
N→∞
N
∫ N∏
i=1
dφi exp
(
− β
N
N∑
i=0
∫
ddx⊥
[
1
2
(
(φi+1 − φi)
β/N
)2
+
κ
4
(∂2⊥φi)
2
])
.
(3.22)
Taking the continuum limit, we are left with the Euclidean path integral
ZLif [β] =
∫
Dφ(τ, x) exp
(
−
∫ β
0
dτ
∫
ddx⊥
[
1
2
(∂τφ)
2 +
κ
4
(∂2⊥φ)
2
])
. (3.23)
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The field φ is periodic in the τ direction as usual. This shows that in order to compute
thermal correlators we can simply change ∂‖ derivatives into ∂τ derivatives as we do in
usual QFT calculations with time derivatives.
In order to compute the expectation values of the energy and momentum currents, we
should use the expressions (2.38), (2.42) and (2.45). For the energy we get2
〈Eα〉 = t
α
2β
∑
n
∫
d2q⊥
(2π)2
ω2n +
κ
2 (q
2
⊥)
2
ω2n − κ2 (q2⊥)2
= −εtα. (3.24)
Where we have used that terms odd in the momentum vanish. For the momentum we will
have
〈Pαc 〉 =
Pαt c
2β
∑
n
∫
d2q⊥
(2π)2
ω2n +
κ
2 (q
2
⊥)
2
ω2n − κ2 (q2⊥)2
= pPαt c = εP
α
t c. (3.25)
In this case we have used that∫
d2q⊥ q
α
⊥q
β
⊥ =
1
2
Pαβt
∫
d2q⊥q
2
⊥. (3.26)
This shows that the expectation value of the (improved) energy-momentum tensor at finite
temperature in an arbitrary Lifshitz theory defined by tα has the form
〈Tαc〉 = εtαtc + pPαt c, (3.27)
and the equation of state is independent of tα
ε = p. (3.28)
Clearly, this can be generalized for other values of z and d.
We identify the Lifshitz theory defined with ta = (1,~0) as the one that determines the
properties of the fluid at rest. When the fluid is moving with a velocity uµ with respect to
an observer, the (ideal) energy-momentum tensor measured by the observer will be
〈Tαc〉 = εuαuc + pPαu c. (3.29)
This is just the same form as the energy-momentum tensor in a relativistic theory in flat
spacetime. As an operator Tαc is not symmetric, so differences can appear when going
beyond the ideal level or in curved spacetimes.
3.3 Equilibrium hydrodynamics in curved space
In curved spacetime the expectation value of the energy-momentum is modified by the
presence of a background metric/vierbein. If the deviation from flat space is small, we can
use linear response theory to find the change to leading order. For the relativistic theory
δ 〈T µν(x)〉 =
∫
dd+1x′GµναβR (x, x
′)δgαβ(x
′), (3.30)
2There is temperature-independent divergent contribution that needs to be subtracted in order to get a
finite energy density. The same applies to other expressions involving integrals over momentum.
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where δgµν = gµν − ηµν and GR is the retarded correlator
GµναβR (x, x
′) = iΘ(t− t′)
〈
[T µν(x), Tαβ(x′)]
〉
. (3.31)
Since in flat space there is translation invariance, the retarded correlator actually depends
only on the difference x−x′. One can do a Fourier transform (omitting spacetime indices)
GR(ω,q) =
∫
dtddxe−iω(t−t
′)+iq·(x−x′)GR(t− t′,x− x′). (3.32)
The zero frequency limit coincides with the Euclidean propagator
GR(ω = 0,q) = GE(0,q). (3.33)
If we use the hydrodynamic constitutive relations
〈T µν〉 = (ε+ p)uµuν + pgµν , (3.34)
and solve the ideal hydrodynamic equations to leading order in δgµν
∇µT µν = 0, (3.35)
the prediction from hydrodynamics in a relativistic theory is that at zero frequency and
momentum c.f. [25]
〈Ti0Tj0〉 (ω = 0,q = 0) = 〈Ti0T0j〉 (ω = 0,q = 0) = 1
2
〈T00〉 δij . (3.36)
The same relation will hold if one derives the hydrodynamic energy-momentum tensor from
a generating functional as is done in [25] as well. We have computed in Appendix B the
one- and two- point functions of a free scalar theory at finite temperature. One can easily
check that the relation above is satisfied in a relativistic theory, but it does not hold in a
general theory with Lifshitz scaling.
In order to see how the difference is manifested in hydrodynamics, we will follow the
approach of [25, 26] to derive the ideal hydrodynamic energy-momentum tensor from the
generating functional of a theory in curved space at thermal equilibrium. We will introduce
a ‘Killing vector field’ that depends on the vierbeins. The generating functional is
W =
∫
ddx |e|p(T ), (3.37)
where
T =
T0√−(eV ) · (eV ) =
T0√−(eV )2 . (3.38)
We are using the notation
(eV )a = eaµV
µ, (eV ) · (eV ) = ηab(eV )a(eV )b. (3.39)
The variation of the temperature with respect to the vierbein is
δT
δe aµ
= TFµa = T
[
uµ(eu)a +
1√−(eV )2
(
e
δV
δe aµ
)
· (eu)
]
. (3.40)
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We have defined
uµ =
V µ√
−(eV )2 . (3.41)
Note that
Fµa ≡
√
−(eV )2 δ
δe aµ
1√−(eV )2 = −
1
2
δ
δe aµ
log
(−(eV )2) . (3.42)
The expectation value of the energy-momentum tensor is the variation of the generating
functional with respect to the vierbein:
〈T µa〉 =
1
|e|
δW
δe aµ
= T
∂p
∂T
Fµa + e
µ
ap. (3.43)
In flat space e aµ = δ
a
µ we recover the usual energy-momentum tensor
〈T µa〉 = T
∂p
∂T
uµ(δu)a + pδ
µ
a, (3.44)
provided (
δ
δV
δe aµ
)
· (δu) = ηαβ δV
α
δe aµ
uβ = 0. (3.45)
In order to compute the two-point function we take the second variation of the gener-
ating functional.
2 〈T µaT νb〉 =
1
|e|
δ2W
δe aµ δe
b
ν
(3.46)
= (eµae
ν
b − eµbeνa)p+ T
∂p
∂T
(eµaF
ν
b + e
ν
bF
µ
a) + T
∂
∂T
(
T
∂p
∂T
)
FµaF
ν
b + T
∂p
∂T
δFµa
δe bν
.
Where we can derive the last term using (3.42):
δFµa
δe bν
=
1
2
1
((eV )2)2
δ
δe aµ
(eV )2
δ
δe bν
(eV )2 − 1
2
1
(eV )2
δ2
δe bν δe
a
µ
(eV )2. (3.47)
More explicitly,
δFµa
δe bν
= 2FµaF
ν
b + ηabu
µuν+
1√
−(eV )2
[
δV µ
δe bν
(eu)a+
δV ν
δe aµ
(eu)b+
(
e
δV
δe bν
)
a
uµ+
(
e
δV
δe aµ
)
b
uν
]
+
1√−(eV )2
(
e
δ2V
δe aµ δe
b
ν
)
· (eu) + 1−(eV )2
(
e
δV
δe aµ
)
·
(
e
δV
δe bν
)
. (3.48)
In flat space Fµa = uµ(δu)a, therefore the second variation simplifies to
2 〈T µaT νb〉 =
1
|e|
δ2W
δe aµ δe
b
ν
= (δµaδ
ν
b − δµbδνa)p+ T
∂p
∂T
(δµau
ν(δu)b + δ
ν
bu
µ(δu)a) + T
∂
∂T
(
T
∂p
∂T
)
uµuν(δu)a(δu)b
+T
∂p
∂T
[
(ηab+2(δu)a(δu)b)u
µuν+
1√−V 2
[
δV µ
δe bν
(δu)a+
δV ν
δe aµ
(δu)b+u
µ
(
δ
δV
δe bν
)
a
+uν
(
δ
δV
δe aµ
)
b
]
+
1√−V 2
(
δ
δ2V
δe aµ δe
b
ν
)
·(δu) + 1−V 2
(
δ
δV
δe aµ
)
·
(
δ
δV
δe bν
)]
. (3.49)
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In order to check the Kubo formulas we will evaluate this expression in the static back-
ground, with the flat space vierbeins and V 0 = 1, V i = 0. The most interesting formulas
are those involving a mixture of time and space indices, since this is where we expect to see
the difference between Lifshitz and relativistic theories. The time-space correlators become
〈
T 0iT
0
j
〉
=
ε0 + p0
2
[
δij +
δVi
δe j0
+
δVj
δe i0
+ δkl
δV k
δe i0
δV l
δe j0
− δ
2V 0
δe i0 δe
j
0
]
, (3.50)
〈
T 0iT
j
0
〉
= −p0
2
δij +
ε0 + p0
2
[
δVi
δe 0j
− δV
j
δe i0
+ δkl
δV k
δe i0
δV l
δe 0j
− δ
2V 0
δe i0 δe
0
j
]
, (3.51)
〈
T i0T
j
0
〉
=
ε0 + p0
2
[
− δV
i
δe 0j
− δV
j
δe 0i
+ δkl
δV k
δe 0i
δV l
δe 0j
− δ
2V 0
δe 0i δe
0
j
]
. (3.52)
We have used the condition that in the static background
δV 0
δe aµ
= 0. (3.53)
We will recover the right Kubo formulas for the relativistic case if
V i = −1
2
p0
ε0 + p0
e i0 −
1
2
ε0
ε0 + p0
δike 0k , (3.54)
V 0 = 1 +
p20
8(ε0 + p0)2
δije
i
0 e
j
0 +
ε20
8(ε0 + p0)2
δije 0i e
0
j +
[
ε0 − p0
2(ε0 + p0)
+
ε0p0
4(ε0 + p0)2
]
δije
0
i e
j
0 .
(3.55)
For the Lifshitz case these expressions are modified. Let us use the notation〈
T 0iT
0
j
〉
= t00δij ,
〈
T i0T
0
j
〉
= t00δ
i
j ,
〈
T i0T
j
0
〉
= t00δ
ij . (3.56)
Then,
V i = −
[
1
2
− t
00
ε0 + p0
]
e i0 −
t00
ε0 + p0
δike 0k , (3.57)
V 0 = 1 +
1
2
[
1
2
− t
00
ε0 + p0
]2
δije
i
0 e
j
0 +
1
2
t200
(ε0 + p0)2
δije 0i e
0
j + C
0
0 δ
i
je
0
i e
j
0 , (3.58)
where
C00 =
1
2
− p0 +
1
2 t00 + t
00 + 2t00
ε0 + p0
− t00t
00
(ε0 + p0)2
. (3.59)
We see that at least up to the level we have made our calculations, it is consistent to use
the hydrodynamic generating functional formalism for Lifshitz theories. At the ideal level
one can distinguish a Lifshitz theory from a relativistic theory with the same equation of
state by putting the theories in curved spacetime. The equilibrium values of the velocities
and conserved densities are different in both theories, as they are determined to leading
order by the two-point functions (and to higher orders by higher correlation functions) and
in particular they will exhibit a different temperature dependence. On the other hand, the
form of the ideal hydrodynamic energy-momentum tensor in terms of energy, pressure and
velocities is universal and no additional frame-independent terms are present.
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4. Ideal hydrodynamics from generating functional
We will follow the approach of [25, 26] to derive the ideal hydrodynamic equations and
the trace Ward identity from a generating functional. We couple the Lifshitz theory to
a background vierbein and integrate out all degrees of freedom. The resulting generating
functional must be invariant under the symmetries of the Lifshitz theory, thus by doing
symmetry transformations of the sources one finds conditions on the generating functional
that one can interpret as the hydrodynamic equations. In all this procedure the generating
functional is taken to have a local dependence on the sources, which is appropriate for
equilibrium configurations at finite temperature in the absence of long-range spatial corre-
lations. The symmetry transformations are then generalized to local transformations. The
non-relativistic form of general coordinate transformations in the rest frame were originally
used in in [32] to constrain the effective action of unitary Fermi gases, and later generalized
in [33] and extended for z 6= 2 in [34].
The Lifshitz symmetry algebra consists of a non-relativistic scale transformation D =
−(zt∂t + xi∂i), time translation H = −∂t, spatial translations Pi = −∂i and rotations
Mij = −xi∂j + xj∂i. The corresponding commutation relations are
[Mij ,Mkl] = δikMjl + δjlMik − δilMjk − δjkMil , (4.1)
[Mij , Pk] = δikPj − δjkPi , (4.2)
[D,Pi] = Pi , [D,H] = zH . (4.3)
The scale symmetry associated to the D generator implies the trace Ward identity
zT 00 +
∑
i
T ii = 0. (4.4)
This algebra is appropriate in the rest frame of the fluid for a Lifshitz theory with tµ =
(1,0). However, when the fluid is moving (with constant velocity) we should use the
Lifshitz theory in a different frame. As we have seen in the example of the free scalar, this
amounts to changing the time-like vector tµ → uµ. The symmetries of the Lifshitz theory
are affected by the change of frame. The generators associated to translations and scale
transformations become
P ‖ = uµ∂µ, P
⊥
µ = P
ν
µ ∂ν , D = zx
µuµP
‖ − xµP⊥µ . (4.5)
Where P νµ = δ
ν
µ +uµu
ν . Then, the momentum operators commute among themselves and
[D,P ‖] = zP ‖ , [D,P⊥µ ] = P
⊥
µ . (4.6)
The Ward identity associated to D becomes
zT µνuµu
ν − T µνP νµ = 0 . (4.7)
For the background vierbein we will use the following parametrization:
e 00 = e
−αΦ, e 0i = −e−αΦBi, e i0 = 0, (4.8)
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and define the spatial metric
gij = δkle
k
i e
l
j . (4.9)
This is equivalent to the following form of background metric
ds2 = Gµνdx
µdxν = −e−2αΦ (dx0 −Bidxi)2 + gijdxidxj . (4.10)
Under infinitesimal diffeomorphisms xµ → xµ + ξµ, the metric components transform as
δGµν = ξ
ρ∂ρGµν + ∂µξ
ρGρν + ∂νξ
ρGµρ. (4.11)
For general temporal (ξ0 = f) and spatial (ξk) diffeomorphisms the transformations are
δξΦ = ξ
µ∂µΦ+
1
α
(
ξ˙kBk − f˙
)
,
δξBi = ξ
µ∂µBi + (ξ˙
kBk − f˙)Bi + ∂iξkBk − ∂if + ξ˙kgkie2αΦ ,
δξgij = ξ
µ∂µgij + ∂iξ
kgkj + ∂jξ
kgik + ξ˙
k(Bigkj +Bjgki) . (4.12)
Where a dot denotes a time derivative f˙ = ∂tf , etc.
In the frame defined by uµ, the form of an infinitesimal scale transformation with
parameter ω is
ξµ = ω (−xµ + (z − 1)uµuαxα) . (4.13)
The transformation of the background metric is then
δωΦ = ξ
α∂αΦ− ω
α
[
1− (z − 1)(u0 −Bkuk)u0
]
,
δBi = ξ
α∂αBi − (z − 1)ω
[
e2αΦgiku
ku0 − (u0 −Bkuk)(u0Bi + ui)
]
,
δgij = ξ
α∂αgij + ω
[
2gij − (z − 1)2ukg(k(uj) + u0Bj))
]
. (4.14)
Which can be seen as a generalization of a Weyl transformation. Indeed, note that for
the relativistic case z = 1, we recover the usual Weyl transformation
δωΦ = − 1
α
ω , δωBi = 0 , δωgij = 2ωgij . (4.15)
We will slightly generalize the analysis by considering charged hydrodynamics with a
single U(1) charge. We will introduce as a source an background gauge field Aµ.
3 The
change of the gauge field under gauge transformations (λ) and diffeomorphisms is
δξAµ = ξ
α∂αAµ + ∂µξ
αAα − ∂µλ. (4.16)
Or, distinguishing between temporal and spatial diffeomorphisms
δξA0 = ξ
µ∂µA0 + f˙A0 + ξ˙
kAk − λ˙ ,
δξAi = ξ
µ∂µAi + ∂ifA0 + ∂iξ
kAk − ∂iλ , (4.17)
3One way to realize this is introducing an additional coordinate ξ and add a term (dy−A0dx
0
−Aidx
i)2
to the metric (4.10). The coordinate y does not carry a non-trivial scaling dimension.
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in addition to (4.12). In the frame with non-trivial uµ, the infinitesimal scaling transfor-
mation of the background gauge fields are
δωAµ = ξ
α∂αAµ + ω [Aµ − (z − 1)uµuαAα] . (4.18)
in addition to (4.14).
The generating functional depending on the background metric and gauge fields, frame,
temperature and chemical potential is
W =
∫
dd+1x
√
ge−αΦp(T, µ) , (4.19)
where
T =
T0√−GµνV µV ν =
T0e
αΦ√
(V 0 −BiV i)2 − e2αΦgijV iV j
, (4.20)
µ =
AµV
µ√−GµνV µV ν =
eαΦAµV
µ√
(V 0 −BiV i)2 − e2αΦgijV iV j
, (4.21)
The vector V µ is proportional to the frame velocity uµ but it is not of unit norm, the
relation between the two is
uµ =
V µ√
(V 0 −BiV i)2 − e2αΦgijV iV j
. (4.22)
We will now derive the hydrodynamic equations by imposing the symmetry of the gener-
ating functional under translations and scale transformations. Under a general transfor-
mation of the background fields
δξW = δξgij
δW
δgij
+ δξBi
δW
δBi
+ δξΦ
δW
δΦ
+ δξAα
δW
δAα
. (4.23)
When the sources are set to zero (Φ = 0, Bi = 0, gij = δij, A0u
0 = µ), the variation of the
generating functional is simply
δΦW = α
[
(ε+ p)u0u0 + η00p
]
, (4.24)
δBiW = (ε+ p)u
iu0 , (4.25)
δgijW =
1
2
δijp+
1
2
(ε+ p)uiuj , (4.26)
δAαW = ρu
α . (4.27)
In order to get these expressions we have used the relations
s =
∂p
∂T
, ρ =
∂p
∂µ
, Ts+ µρ = ε+ p. (4.28)
Invariance under temporal and spatial diffeomorphisms (4.12) imply the equations
∂µT
µ0 = −ρuν∂νA0, (4.29)
∂µT
µi = −ρuν∂νAi = 0. (4.30)
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where the energy-momentum tensor is
T µν = (ε+ p)uµuν + pηµν . (4.31)
The conservation equations thus take the same form as in a relativistic theory.
Invariance under the Weyl transformations (4.14) imposes the following condition
−z(ε− µρ) + dp = 0 . (4.32)
For µ = 0 this is the usual equation of state for the theory with Lifshitz scale invariance.
Note that the way we have defined it, it is independent of the frame and in fact it agrees with
the Ward identity (4.7). When µ 6= 0 the Ward identity is modified because the chemical
potential breaks scale invariance. Note however that the temperature dependence of the
pressure is still the same, since
0 = −z(ε− µρ) + dp = −z(Ts− p) + dp = −zT ∂p
∂T
+ (d+ z)p. (4.33)
Integrating this equation we find that p ∝ T z+dz even when the chemical potential is non-
zero.
We can generalize this analysis to include higher order terms in a derivative expansion
of the sources, which appear beyond the ideal order in the hydrodynamic expansion. Since
the method is valid for equilibrium configurations, only non-dissipative terms are captured
this way. In the original works [25, 26] the approach using the generating functional was
useful to derive relations between transport coefficients at the same or different orders. It is
an interesting problem that we leave for future work to find how the relations are modified
in the non-relativistic theory, and whether they still match with the derivation using an
entropy current.
5. Ideal hydrodynamics from fluid/gravity correspondence
A very successful application of gauge/gravity dualities has been the map between hydro-
dynamic equations of motion and Einstein equations in black hole geometries [35]. Among
the theories where the fluid/gravity correspondence has been derived are non-relativistic
conformal theories [27], which have a dynamical exponent z = 2. Here we will extend the
correspondence to other dynamical exponents. Our goal is to show that the form of the
ideal energy-momentum tensor and the equation of state take the same form as we have
derived in the previous sections. In principle we could extend the analysis to include higher
derivative terms (dissipative and non-dissipative) by doing a systematic expansion of the
metric and bulk fields, this is an interesting problem that we leave as future work.
We will derive the hydrodynamic equations of the dual field theory following the
method of projecting Einstein’s equations on the horizon [36–38] for a particular model
with Lifshitz solutions proposed in [39,40]. We find the usual Navier-Stokes equations
(ε+ p)uα∂αuν + P
α
ν ∂αp = 0. (5.1)
Where the energy and the pressure satisfy the Lifshitz equation of state −zε+ dp = 0 and
have the expected scaling with the temperature ε ∼ T d+zz . The Lifshitz energy-momentum
tensor at rest frame has been computed in [41–43].
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5.1 Gravitational background
Metrics with Lifshitz scaling were first constructed and proposed as holographic duals
of Lifshitz theories in [8]. Black hole geometries were first found analytically in [9] and
numerically in [44] and also analytically in [45–48]. As a first step we generalize such
solutions by constructing a black-brane solution at a constant velocity using coordinate
transformations.
At zero temperature, the original Lifshitz metric is
ds2 = −r2zdt2 + dr
2
r2
+ r2δijdy
idyj , (5.2)
which has the isometry
r→ λr, t→ λ−zt, yi → λ−1yi. (5.3)
Let us consider a black-hole metric of the form
ds2 = −F (r)dt2 +H(r)2 dr
2
F (r)
+G(r)δijdy
idyj (5.4)
where F (rH) = 0. In a Lifshitz black hole solution (in a 3+1 dimensional bulk) the
functions appearing in the metric are H(r) = r−z−1, F (r) = r2zf(r), G(r) = r2 and
f(r) = 1− (rHr )2+z.
We can do a change of coordinates
t = t˜+ r∗(r), (5.5)
where
dr∗
dr
=
H(r)
F (r)
(5.6)
Then, the metric becomes
ds2 = −2H(r)dt˜dr − F (r)dt˜2 +G(r)δijdyidyj (5.7)
If the geometry is sourced by a matter energy-momentum tensor (with Ttr = 0), the
components in the t, r directions are changed as
T˜t˜t˜ = Ttt, (5.8)
T˜t˜r =
H(r)
F (r)
Ttt, (5.9)
T˜rr = Trr +
(
H(r)
F (r)
)2
Ttt. (5.10)
We can now do another coordinate transformation
t˜ = uµx
µ, yi = xi + γβix0 + (γ − 1)β
iβj
β2
xj. (5.11)
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Where uµ = γ(1, β
i), and γ2 = 1/(1 − β2), β2 = βiβi. One can check that
δij
∂yi
∂xµ
∂yj
∂xν
= ηµν + uµuν = Pµν (5.12)
Then, the metric becomes
ds2 = −2H(r)uµdxµdr − F (r)uµuνdxµdxν +G(r)Pµνdxµdxν . (5.13)
This expression is our black brane solution for constant velocities. Note that the functions
that depend on the radial coordinate are arbitrary, so in particular we can choose them
to be those of Lifshitz black holes. When the velocities are not constant it is necessary to
correct the metric by terms depending on the derivatives of the velocity, in order to ensure
that the Einstein’s equations are satisfied and the solution is regular.
If we take (5.2) as starting point, the boosted brane solution is
ds2 = −2rz−1uµdxµdr − r2zuµuνdxµdxν + r2Pµνdxµdxν . (5.14)
Note that this is not invariant under the transformation (5.3). However, since a change
of coordinates cannot make the isometry disappear, it must take a new form. Indeed, one
can check that the metric is invariant under
r → λr, xµ → −λ (Pµαxα − zuµuαxα) . (5.15)
Note that for z = 1 the transformation is still the same, but not for general z. In terms of
the components of a Killing vector
ξr = r, ξµ = −Pµαxα + zuµuαxα. (5.16)
In the dual field theory ξµ should map to a symmetry, this is precisely the scaling symmetry
generated by the velocity-dependent D in (4.5).
Regarding the matter fields, in the boosted brane solution the components of the
matter energy-momentum tensor are
Tˆrr = T˜rr, (5.17)
Tˆµr = uµT˜t˜r, (5.18)
Tˆµν = uµuν T˜t˜t˜ + PµνT11 (5.19)
where we have used Tij = T11δij . The changes of variables are the same for the components
of the Ricci tensor.
If there are background scalar fields depending on the radial coordinate, their profile
φ(r) is not affected by the change of coordinates. For gauge fields we will have
A = Atdt+Ardr = At
(
dt˜+
H
F
dr
)
+Ardr = Atuµdx
µ +
(
Ar +
H
F
)
dr (5.20)
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The conventions for the black brane are that A ∝ uµdxµ is non-zero at the horizon. We
should then make At non-zero at the horizon and
Ar = −H
F
. (5.21)
Since H and F are only functions of r, this choice does not affect to the field strengths
or the equations of motion. In the static case the At 6= 0 condition is not regular and
Ar ∝ 1/F is singular, so there is no smooth mapping. Presumably is because the future
and past horizons sit at the same value of r in the static case and in the black brane they
are separated. The field strengths are (allowing a space-time dependence on uµ and At)
F = dA = A′tuµdr ∧ dxµ + 2∂[µAtuν]dxµ ∧ dxν . (5.22)
5.2 Lifshitz model
The action for the effective model proposed in [39,40] consists of Einstein gravity coupled
to Maxwell’s gauge fields Fµν and a scalar ‘dilaton’ φ
S =
∫
dd+2x
√−g
[
R− Z(φ)
4
FABF
AB − 1
2
(∂φ)2 + V (φ)
]
, (5.23)
where A,B = (r, µ), d is a number of spatial dimensions, and we focus on d = 2. Einstein’s
equations are
RAB − 1
2
gABR = T
s
AB + T
M
AB, (5.24)
where the energy-momentum tensor for the scalar field is
T sAB =
1
2
∂Aφ∂Bφ− 1
4
gAB
[
(∂φ)2 − 2V (φ)] , (5.25)
and the Maxwell’s part is
TMAB =
Z(φ)
2
(
gCDFACFBD − 1
4
gABF
2
)
. (5.26)
For the matter fields we are interested in Maxwell’s equations
∂A
(√−gZ(φ)gABgCDFBD) = 0. (5.27)
These set of equations admit black hole solutions (5.4) with two independent parame-
ters, Lifshitz scaling exponent z and hyperscaling violation exponent θ. Explicitly [39,49],
H(r) = r−z−1−2θ/d, F (r) = r2z−2θ/df(r), G(r) = r2−2θ/d. (5.28)
Where f(r) = 1− ( rHr )d+z−θ. The solutions for the scalar and background gauge fields are
eφ(r) = rs, At =
√
2(z − 1)
z + 2− θr
2+z−θf(r), (5.29)
where s = ±√4z − 4 + θ2 − 2zθ, while the coupling Z(φ) and a scalar potential V (φ) are
Z(φ) = e
4−θ
s
φ, V (φ) = (2 + z − θ)(1 + z − θ)e− θsφ. (5.30)
This solution can be viewed as a direct generalization of AdS black hole with dynamical z
and hyperscaling violation θ exponents.
We can do a coordinate transformation to the metric (5.13) and after that introduce
a spacetime dependence in the velocities, rH , the gauge field and the scalar.
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5.3 Projection of equations of motion on the horizon
We will project with the normal to the horizon ℓA
ℓA = (0, uµ), (5.31)
and evaluate the projected equations at the horizon. For this, we will need the inverse
metric
gAB =
(
F
H2
uν
H
uµ
H
1
GP
µν
)
. (5.32)
The details of the projection are collected in Appendix C. Note that at the horizon grr =
F/H2 = 0 so ℓA is indeed a normal vector.
The simplest equation is the current conservation obtained from Maxwell’s equations
∂µ(ρu
µ) = 0, (5.33)
where
ρ = −Z(φ)G
d/2
16πH
A′t, (5.34)
evaluated at the horizon. The factor of 16π is arbitrary and is fixed for convenience.
The scalar energy-momentum tensor does not contribute to the ideal conservation
equations, but it will contribute to bulk viscosity terms in the hydrodynamic equations as
shown in [50]. The contribution from the Maxwell’s fields to hydrodynamic equations are
TMµBℓ
B =
Z(φ)
2H
(
2A′tu
ν∂[µAtuν]
)
=
2πρ
s
(
Pαµ ∂αAt +Atu
α∂αuµ
)
(5.35)
where we have used that Gd/2 = 4s gives the entropy density. Projecting with uµ this term
vanishes, so there is no contribution to the entropy current. Projecting with Pµν we get the
same equation.
So far our expressions are valid for a general action of the form (5.23), but we will
need to be more concrete now and we will use (5.28). The surface gravity determines the
temperature
κ = 2πT =
1
2
(z + d− θ)rzH ≡ 2πbrzH . (5.36)
For convenience we will define Tb = T/b, which fixes
G = T
2−2θ/d
z
b , s =
1
4
r
(d−θ)/z
H =
1
4
T
(d−θ)/z
b , H = T
− 1+z+2θ/d
z
b . (5.37)
Then, ∂µG/G =
2−2θ/d
z ∂µTb/Tb.
The projection of Einstein’s equations evaluated on these solutions gives
Rµνℓ
ν = −2πb
[
(d− θ)
z
uµu
α∂αTb + Tb∂αP
α
µ + P
α
µ ∂αTb
]
. (5.38)
Projecting with uµ we get
2πb
[
(d− θ)
z
uα∂αTb + Tb∂αu
α
]
=
2πb
T
d−θ
z
−1
b
∂α(T
d−θ
z
b u
α) =
8πb
T
d−θ
z
−1
b
∂α(su
α). (5.39)
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Since the matter fields do not contribute to leading order, the entropy current is conserved
∂µ(su
µ) = 0. (5.40)
Projecting now (5.38) with Pµν , we get
−2πb [Tbuα∂αuν + Pαν ∂αTb] . (5.41)
Together with the energy-momentum tensor of matter we have(
1 +
ρ
Ts
At
)
uα∂αuν + P
α
ν ∂α lnT +
ρ
Ts
Pαν ∂αAt = 0. (5.42)
If we define the chemical potential as
At(rH) = µ, (5.43)
then, multiplying by a factor of Ts
(Ts+ µρ)uα∂αuν + TsP
α
ν ∂α lnT + ρP
α
ν ∂αµ = 0. (5.44)
These are the ordinary hydrodynamic equations for a charged fluid. It becomes more clear
if we use the thermodynamic identities
dp = ρdµ+ sdT, ε+ p = Ts+ µρ. (5.45)
The equations become the relativistic Navier-Stokes equations
(ε+ p)uα∂αuν + P
α
ν ∂αp = 0. (5.46)
The exponents z and θ of the theory are manifested in the dependence of the pressure,
energy, charge and entropy density on the temperature and chemical potential.
6. First order asymmetric dissipative terms
The breaking of Lorentz invariance implies that the energy-momentum tensor is not neces-
sarily symmetric. We have seen from the calculation in free field theories that no asymmet-
ric terms are expected in the hydrodynamic energy-momentum tensor at the ideal level.
However, such terms could appear at higher orders in derivatives, although they can be
constrained by physical requirements such as the second law of thermodynamics in its local
form. In a previous work [24] we found the asymmetric terms possible to first viscous order,
we will give here a more detailed presentation including a conserved current and the Kubo
formulas for the new transport coefficients.
The energy-momentum tensor in the Landau frame takes the form
T µν = εuµuν + pPµν + π
(µν)
S + π
[µν]
A + (u
µπ
[νσ]
A + u
νπ
[µσ]
A )uσ. (6.1)
Where we impose on the symmetric part π
(µν)
S uν = 0 and the last term ensures that the
condition
T µνuν = −εuµ, (6.2)
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is satisfied. To first order in derivatives the only possible contributions to πS are the shear
and bulk viscosities
π
(µν)
S = −ηµναβ∂αuβ = −ηPµαP νβ∆αβ −
ζ
d
Pµν∂αu
α, (6.3)
where η and ζ are the shear and bulk viscosities respectively and the shear tensor is defined
as
∆αβ = 2∂(αuβ) −
2
d
Pαβ(∂σu
σ). (6.4)
The constitutive relation of the conserved current is
Jµ = ρuµ + νµ, (6.5)
where we impose the condition νµuµ = 0.
The divergence of the entropy current is
0 = ∂µT
µνuν + µ∂µJ
µ
= −T∂µjµs +∂µ(π[µν]A )uν+∂µ(uµπ[νσ]A uσ)uν−∂µ(π[µσ]A )uσ−π[µσ]A ∂µuσ+µ∂µνµA+ · · ·
= −T∂µjµs − π[µσ]A (∂[µuσ] − u[µuα∂αuσ]) + µ∂µνµ + · · · . (6.6)
The dots denote positive-definite contributions from the shear and bulk viscosities that do
not affect to the analysis. The entropy current is defined as
jµs = su
µ − µ
T
νµ. (6.7)
If the chemical potential is zero, in order to have a positive quantity,
π
[µν]
A = −αµναβ(∂[αuβ] − u[αuρ∂ρuβ]) (6.8)
where αµνσρ contains all possible transport coefficients to first dissipative order. It must
also satisfy the condition, for an arbitrary real tensor τµν ,
τµνα
µνσρτσρ ≥ 0 . (6.9)
The condition that boost but not rotational invariance is broken with respect to the rest
frame of the fluid imposes the condition
Pαµπ
[µν]
A Pνβ = 0. (6.10)
This implies that the antisymmetric term should take the form
π
[µν]
A = u
[µV
ν]
A , (6.11)
where one can take V νAuν = 0 without loss of generality. This restricts the form of the
transport coefficients αµναβ ∼ u[µP ν][βuα], and for the normal fluid it makes αµναβ∂[αuβ] ∼
u[µaν], where the acceleration is defined as aµ = uα∂αu
µ. This leads to a single transport
coefficient
π
[µν]
A = −αu[µaν], α ≥ 0. (6.12)
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When the chemical potential is non-zero there are two additional possible transport coeffi-
cients. One of them does not satisfy the Onsager relation and is dissipationless, while the
other is dissipative. The equation for the entropy current is
∂µj
µ
s = −
1
T
aαVAα − νµ∂µ
(µ
T
)
+ · · · . (6.13)
Where the entropy current is defined as
jµs = su
µ − µ
T
νµ. (6.14)
We now expand the dissipative terms as
V µA = −Tα1aµ − Tα2Pµν∂ν
(µ
T
)
, (6.15)
νµ = −α3aµ − α4Pµν∂ν
(µ
T
)
. (6.16)
Then, the equation for the entropy current becomes
∂µj
µ
s =
(
aµ Pµν∂ν
( µ
T
) )(α1 α2
α3 α4
)(
aµ
P λµ ∂λ
( µ
T
)
)
. (6.17)
If we write α2 = C + α
′, α3 = −C + α′, the dependence on C drops from the equation,
so it corresponds to a dissipationless transport coefficient, but it would be forbidden if we
impose the Onsager relation. The other three dissipative coefficients are α1 = α/T (that
is the same as in the neutral case), α′ and the coefficient α4 = σT that can be identified
with the ordinary conductivity. The positivity conditions on the coefficients are
ασ ≥ (α′)2, α ≥ 0, σ ≥ 0 (6.18)
6.1 Kubo formulas
We will derive Kubo formulas for the new transport coefficients assuming that the Onsager
relation is satisfied. To first order in the derivative expansion we have found the following
asymmetric contributions to the energy-momentum tensor
T µνuµPνα = 2π
[µν]
A uµPνα, T
µνPµαuν = 0, (6.19)
that also enter in the current through ν in (6.16). Expanding around the equilibrium
configuration uµ ≃ (1, βi) to linear order in the velocities,
T0i ≃ α∂0βi + Tκ∂i
(µ
T
)
, (6.20)
ji = ρβi − σT∂i
(µ
T
)
− α′∂0βi. (6.21)
By expanding around flat spacetime, the dependence of velocity βi ≃ δijV j on the
background vierbein is as determined in (3.57) to leading order in derivatives. Recall that
the two-point functions of the energy-momentum tensor are〈
T0iT
j
0
〉
=
δ 〈T0i〉
δe 0j
,
〈
T0iT
0
j
〉
=
δ 〈T0i〉
δe j0
. (6.22)
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The mixed correlators with the current are〈
jiT j0
〉
=
δ
〈
ji
〉
δe 0j
,
〈
jiT 0j
〉
=
δ
〈
ji
〉
δe j0
. (6.23)
Then, it is straightforward to derive the Kubo relations for the new transport coefficients
after doing a Fourier transformation of the correlators4
α = lim
ω→0
1
iωB
〈
T0iT
i
0
〉
(ω,k = 0), (6.24)
α = lim
ω→0
1
iωA
〈
T0iT
0
i
〉
(ω,k = 0), (6.25)
α′ = − lim
ω→0
1
iB
∂
∂ω
〈
jiT i0
〉
(ω,k = 0), (6.26)
α′ = − lim
ω→0
1
iA
∂
∂ω
〈
jiT 0i
〉
(ω,k = 0). (6.27)
Where we have defined the coefficients
A =
1
2
− t
00
ε0 + p0
, B =
t00
ε0 + p0
, (6.28)
and t00, t00 are the zero frequency two-point functions (3.56).
7. Discussion
In the first couple of sections we have computed the energy momentum tensor at non-zero
temperature of a free scalar. An obvious extension will be to add interactions and compute
hydrodynamic transport coefficients using Kubo formulas. Of particular interest are the
transport coefficients associated to the breaking of Lorentz invariance that we have found
in the last section.
We have shown how to obtain the ideal energy-momentum tensor in a charged fluid
using the generating functional and a holographic dual. In relativistic theories in some
cases a current is conserved only up to a quantum anomaly, but nevertheless it can be
included in the hydrodynamic description and the anomaly produces interesting effects
in the motion of the fluid [51–55]. Even if the fluid is not charged a conformal anomaly
determines the equation of state [56–58]. Fluids with Lifshitz scaling may exhibit analogous
properties, as there can be both axial anomalies [59, 60] and Weyl anomalies [61–64]. We
should remark that this is not just a formal observation about some models with Lifshitz
scaling, anomalies may appear in the effective description of ordinary Fermi liquids [65].
Another interesting direction that can also be pursued is to extend the hydrodynamic
description to superfluids (see e.g. [66]). This is motivated by the apparent existence of
a quantum critical point in high-Tc superconductors, which is “hidden” by the supercon-
ducting phase. Notwithstanding, one may uncover new scaling relations that can be tested
4Note that already at the ideal level there is a correction depending on time derivatives of the vierbein
to the static velocity. From the equation ∂tδρ + ρ∂iβ
i = 0 and the expressions (3.57) we see that it must
be at least quadratic in the mixed components of the vierbeins, so it vanishes from the two-point function
in flat spacetime.
– 28 –
experimentally. It seems likely that a realistic description will be in terms of a fluid with
broken Galilean invariance (rather than Lorentzian), as we proposed for the normal phase
in [24].
We hope to address these questions and others in the future.
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A. Variations of metric and curvature with respect to vierbein
We will use the following formulas:
• Variation of the metric
δgσρ
δe cα
= −gσλgτρ δgλτ
δe cα
. (A.1)
δgρν
δe cα
= ηac(δ
α
ρ e
a
ν + δ
α
ν e
a
ρ ). (A.2)
• Variation of the Christoffel symbol
δΓσµν = −gσλΓτµν
δgλτ
δe cα
δe cα + g
σλδΓλµν . (A.3)
Using that
∇µ δgρν
δe cα
+∇ν δgρµ
δe cα
−∇ρ δgµν
δe cα
= ∂µ
δgρν
δe cα
+ ∂ν
δgρµ
δe cα
− ∂ρ δgµν
δe cα
−2Γτµν
δgρτ
δe cα
+ 2ηacΓ
α
µνe
a
ρ . (A.4)
and
∇µ δgρν
δe cα
= −ηac δgρν
δe bα
ωabµ , (A.5)
where the spin connection is
ωabµ = η
aceβc∇µebβ . (A.6)
We have used that
∇µe cα + ηabωcaµ e bα = 0. (A.7)
One can show
δΓσµν =
1
2
gσρ
[
δβµ
δgρν
δe cα
+ δβν
δgρµ
δe cα
− δβρ
δgµν
δe cα
]
Dβδe cα . (A.8)
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Where
Dβδe cα = ∇βδe cα − ηabωacβ δe bα . (A.9)
Then,
δΓσµν = F
σαβ
µν cDβδe cα , (A.10)
where
F σαβµν c = ηac
[
gσαe a(νδ
β
µ) − gσβe a(νδαµ)
]
+ e σc δ
α
(νδ
β
µ) . (A.11)
• Variation of Ricci tensor
δRµν = ∇µδΓρρν −∇ρδΓρµν . (A.12)
From the variation of the Christoffel symbol one gets
δRµν = F
ραβ
ρν c∇µDβδe cα − F ραβµν c∇ρDβδe cα + · · · . (A.13)
The dots are terms proportional to derivatives of the background vierbein (they
should give contributions that make the expression covariant ∇µ → Dµ), they will
vanish in flat space.
If we contract with tµ:
δRµν t
µtν = (e αc ∇‖tβDβ − tc∇αtβDβ + tctα∇βDβ − tα∇ctβDβ)δecα + · · · . (A.14)
Contracting with Pµνt :
δRµνP
µν
t = (e
α
c P
βγ
t ∇βDγ − P βt c∇αDβ + P αt c ∇βDβ − Pαβt ∇cDβ)δecα + · · · . (A.15)
It is convenient to form the combinations
R‖ = −
1
d− 1
(
Rµνt
µtν +
1
d
RµνP
µν
t
)
, (A.16)
R⊥ = − 1
2(d− 1) (Rµνt
µtν +RµνP
µν
t ) . (A.17)
B. Thermal correlators in free theories
The Euclidean correlator of the scalar field is
〈φφ〉 (iωn, ~q) = 1
(iωn)2 −Q2 . (B.1)
Where Q2 = q2 in the relativistic theory and Q2 = κ2 (q
2)2 for the z = 2 free scalar theory.
In the following we will generalize this expression to arbitrary z and number of dimensions.
Even though for arbitrary z there is no local action, the generalization of these results to
arbitrary z can be done by replacing the terms ∼ κ(q2)2 → κ(q2)z and the factor q2 in the
T i0 component by (q2)z−1.
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B.1 Relativistic theory:
• The one-point function is
〈T00〉 = − 1
2β
∑
n
∫
ddq
(2π)d
(iωn)
2 + q2
(iωn)2 − q2 . (B.2)
The sums over Matusbara frequencies gives
1
β
∑
n
(iωn)
2
(iωn)2 − q2 = −
q
2
(1 + 2nB(q)), (B.3)
and
1
β
∑
n
1
(iωn)2 − q2 = −
1
2q
(1 + 2nB(q)), (B.4)
where
nB(q) = fB(βq) =
1
eβq − 1 . (B.5)
When we add the two contributions there is a temperature-independent part which
is divergent and we should substract and a temperature dependent part, which is
〈T00〉 =
∫
ddq
(2π)d
qnB(q) =
V (Sd−1)
(2π)d
∫ ∞
0
dq qdnB(q) =
V (Sd−1)
(2π)d
T d+1
∫ ∞
0
dxxdfB(x).
(B.6)
For the stress tensor we get that the temperature-dependent part is
〈Tij〉 = δij
d
〈T00〉 . (B.7)
• The two-point function is
〈T0iT0j〉 = 1
β
∑
n
∫
ddq
(2π)d
(iωn)
2qiqj
((iωn)2 − q2)2 . (B.8)
We will use that inside the integral we can substitute
qiqj −→ 1
d
δijq
2. (B.9)
The sum over Matusbara frequencies we will need is
1
β
∑
n
(iωn)
2
((iωn)2 − q2)2 = −
1
2
(
1
2q
(1 + 2nB(q)) + n
′
B(q)
)
. (B.10)
As before, there is a temperature independent term that we should subtract and the
remaining contribution is
〈T0iT0j〉 = −V (S
d−1)
(2π)d
δijT
d+1
2d
∫ ∞
0
dxxd+1
(
1
x
fB(x) + f
′
B(x)
)
. (B.11)
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We can use integration by parts on the second term∫ ∞
0
dxxd+1f ′B(x) = −(d+ 1)
∫ ∞
0
dxxdfB(x). (B.12)
Then, the two-point function becomes
〈T0iT0j〉 = 1
2
δij
V (Sd−1)
(2π)d
T d+1
∫ ∞
0
dxxdfB(x) =
1
2
〈
T 00
〉
δij . (B.13)
The relation found from hydrodynamics in Minwalla is indeed satisfied.
B.2 Lifshitz theory:
We will compute the one- and two- point functions
• The one-point function is
〈T00〉 = − 1
2β
∑
n
∫
ddq
(2π)d
(iωn)
2 +Q2
(iωn)2 −Q2 . (B.14)
Where Q2 ≡ κz (q2)z. The sums over Matusbara frequencies gives
1
β
∑
n
(iωn)
2
(iωn)2 −Q2 = −
Q
2
(1 + 2nB(Q)), (B.15)
and
1
β
∑
n
1
(iωn)2 −Q2 = −
1
2Q
(1 + 2nB(Q)). (B.16)
When we add the two contributions there is a temperature-independent part which
is divergent and we should substract and a temperature dependent part, which is
〈T00〉 =
∫
ddq
(2π)d
QnB(Q) =
V (Sd−1)
(2π)d
∫ ∞
0
dq qd−1QnB(Q)
=
( z
κ
) d
2z V (Sd−1)
(2π)d
T
d+z
z
∫ ∞
0
dxxd−1+zfB(x
z). (B.17)
For z = 2 and κ/z = 1 we get
〈
T 00
〉
=
V (Sd−1)
(2π)d
T
d+2
2
∫ ∞
0
dxxd+1fB(x
2). (B.18)
For the stress tensor we get that the temperature-dependent part is
〈Tij〉 = z
d
δij 〈T00〉 . (B.19)
• The two-point function is
〈T<0i>T<0j>〉c =
1
β
(κ
z
)c/z∑
n
∫
ddq
(2π)d
(iωn)
2qiqjQ
2c(z−1)
z
((iωn)2 −Q2)2 . (B.20)
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Where we use the notation for c = 0, 1, 2
〈T<0i>T<0j>〉0 = 〈T0iT0j〉 , 〈T<0i>T<0j>〉1 = 〈T0iTj0〉 , 〈T<0i>T<0j>〉2 = 〈Ti0Tj0〉 .
(B.21)
The sum over Matusbara frequencies we will need is
1
β
∑
n
(iωn)
2
((iωn)2 −Q2)2 = −
1
2
(
1
2Q
(1 + 2nB(Q)) + n
′
B(Q)
)
. (B.22)
As before, there is a temperature independent term that we should subtract and the
remaining contribution is
〈T<0i>T<0j>〉c = −
( z
κ
) d+2−2c
2z V (Sd−1)
(2π)d
δij
2d
T
d+2−z+2c(z−1)
z
×
∫ ∞
0
dxxd+1+2c(z−1)
(
1
xz
fB(x
z) + f ′B(x
z)
)
. (B.23)
We will use that
f ′B(x
z) =
1
∂(xz)/∂x
∂
∂x
fB(x
z) =
1
zxz−1
∂
∂x
fB(x
z). (B.24)
We can use integration by parts on the second term∫ ∞
0
dx
1
z
xd+2−z+2c(z−1)∂xfB(x
z) = −(d+ 2− z + 2c(z − 1))
z
∫ ∞
0
dxxd+1−z+2c(z−1)fB(x
z).
(B.25)
Then, the two-point function becomes
〈T<0i>T<0j>〉c =
(d+ 2− 2z + 2c(z − 1))
2zd
δij
( z
κ
) d+2−2c
2z V (Sd−1)
(2π)d
T
d+2−z+2c(z−1)
z
×
∫ ∞
0
dxxd+1−z+2c(z−1)fB(x
z). (B.26)
For c = 1
〈T0iTj0〉 = 1
2z
δij
( z
κ
) d
2z V (Sd−1)
(2π)d
T
d+z
z
∫ ∞
0
dxxd+z−1fB(x
z). (B.27)
Therefore we have the relation
〈T0iTj0〉 = 〈Ti0T0j〉 = 1
2z
δij 〈T00〉 , (B.28)
which is analogous to the relativistic formula but with a different factor.
C. Curvature tensors in Lifshitz
In the original coordinates, the non-zero Christoffel symbols are
Γrrr =
1
2
grr∂rgrr =
1
2
F
H2
(
H2
F
)′
=
H ′
H
− 1
2
F ′
F
, (C.1)
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Γrµν = −
1
2
grr∂rgµν =
1
2
FF ′
H2
δ0µδ
0
ν −
1
2
FG′
H2
δiµδ
j
νδij , (C.2)
Γµνr =
1
2
gµα∂rgνα =
1
2
F ′
F
δµ0 δ
0
ν +
1
2
G′
G
δµi δ
j
νδ
i
j . (C.3)
Useful formulas:
Γαrα =
1
2
[(
F ′
F
)
+ d
(
G′
G
)]
, (C.4)
ΓαrβΓ
β
rα =
1
4
[(
F ′
F
)2
+ d
(
G′
G
)2]
. (C.5)
The non-zero components of the Ricci tensor are then
Rrr = −∂rΓααr + ΓαrαΓrrr − ΓαrβΓβrα, (C.6)
Rµν = ∂rΓ
r
µν + Γ
α
αrΓ
r
µν − ΓrµβΓβνr − ΓαµrΓrνα. (C.7)
There is a constribution in Rrr that is singular at the horizon for the Lifshitz and black
brane solutions
Rrr = −F
′′
2F
+
F ′
2F
(
H ′
H
− dG
′
2G
)
− d
2
[
G′′
G
+
G′H ′
GH
+
1
2
(
G′
G
)2]
. (C.8)
The components that enter in the horizon equation are
Rtt =
FF ′′
2H2
+
dFF ′G′
4GH2
− FF
′H ′
2H3
, (C.9)
Rij = δij
[
−F
′G′
2H2
− FG
′′
2H2
+
FG′H ′
2H3
+
(d− 2)FG′2
4GH2
]
. (C.10)
The Ricci scalar is
R = −F
′′
H2
+
F ′
H2
(
H ′
H
− dG
′
G
)
+
F
H2
(
dG′H ′
GH
− dG
′′
G
)
− F
H2
d(d − 3)G′2
4G2
. (C.11)
C.1 First order terms in the Einstein tensor
The projection of the Einstein tensor to the horizon is
RµAℓ
A =
1
G(d−1)/2
RµνS
ν =
1
Gd/2
∇˜νQ νµ − ∂µθ. (C.12)
The second term is second order in derivatives and we will ignore it.
The first term is
∇˜νQ νµ = ∂νQ νµ −
1
2
Qνρ∂µγνρ, (C.13)
where γνρ = GPνρ at the horizon and
Q νµ = G
d/2
[
Θ νµ − κδµν
]
, (C.14)
with
κ = Θ νµ u
µ, (C.15)
– 34 –
and
Θνµ = ∇µℓν = ∂µuν + Γνµαuα. (C.16)
To leading order in derivatives
Γνµα =
F ′
2H
uνuµuα − G
′
2H
uνPµα. (C.17)
Then,
Θνµ = −
F ′
2H
uνuµ, (C.18)
which fixes
κ =
F ′
2H
, (C.19)
and
Q νµ = −Gd/2κP νµ . (C.20)
We can use
Qµν = −Gd/2κPµν . (C.21)
Putting all together,
Rµνℓ
ν = κ
[
d
2G
(
∂µG− P νµ∂νG
) − ∂νP νµ − P νµ∂νκκ
]
. (C.22)
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